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1. INTRODUCTION

We consider identification and estimation in a nonparametric triangular system with a binary en-
dogenous regressor and nonseparable errors. For identification we take a control function approach
utilizing the Dynkin system idea developed in Jun, Pinkse, and Xu (2011, JPX11) and extended in
Kédagni and Mourifié (2014, KM14). We articulate various tradeoffs, including continuity, mono-
tonicity, and differentiability. For estimation, we use the idea of local instruments under smoothness
assumptions, as in e.g. Carneiro and Lee (2009, CL09), Heckman and Vytlacil (1999) but we do not
assume additive separability in latent variables. Our estimator uses nonparametric kernel regression
techniques and its statistical properties are derived using the functional delta method. We establish
that it is n2/7—consistent and has a limiting normal distribution. We apply the method to estimate
the returns on a college education. Unlike existing work, notably CL09 and Carneiro, Heckman, and
Vytlacil (2011, CHV11), we find that returns on a college education are consistently positive. The
returns curves we estimate are moreover inconsistent with the shape restrictions imposed in those
papers.

Most papers on nonparametric triangular models with nonseparable errors focus on nonparamet-
ric identification rather than estimation, especially when there is a discrete endogenous regressor.
Hoderlein and Mammen (2007) consider a nonseparable model with exogenous regressors but with-
out monotonicity. Chesher (2003, CHO3) and Imbens and Newey (2009) study nonseparable models
with continuous endogenous regressors under monotonicity. Based on the identification result of e.g.
CHO3, Ma and Koenker (2006) and Jun (2009) propose parametric and semiparametric estimation
methods, respectively, but both require that endogenous regressors be continuous. Chesher (2005,
CHO5) establishes partial identification of the structural function at a given value in a triangular
system with a discrete endogenous regressor, but CHOS contains little discussion on estimation and
inference. JPX11 reconsider CHO5’s result and provide tighter bounds under a weaker rank condition
using an independence assumption on instruments, but also stop short of estimation and inference.

JPX11 and CHOS serve as our starting point. The two papers study the same model, albeit that
JPX11 use a global independence condition of instruments and errors to weaken CHOS5’s rank con-
dition and to tighten identification bounds. The difference between the two approaches is most pro-
found in the presence of a binary endogenous regressor since CHOS, unlike JPX11, does not allow for
a binary endogenous regressor. JPX11 in fact establish conditions under which point identification

obtains in the case of continuous instruments.
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One of our objectives in this paper is to show how the Dynkin system idea can be used to obtain
point identification in the triangular model with a binary endogenous regressor. Unlike the local in-
strument approach of Heckman and Vytlacil (1999, 2001) and CL09, we show that it is the continuous
variation, rather than the differentiability, of the propensity score that is essential for identification,
albeit that the latter is useful for estimation. A more formal discussion can be found in section 2.

Once we have articulated conditions for identification we turn our attention to nonparametric
estimation. We propose a kernel-based nonparametric estimator, which allows for the full flexibility
of the triangular model with nonseparable errors. We then develop limit results for the proposed
estimator. These results are derived in section 3.

Finally, in section 5 we implement our estimator using the same NLSY-based data set that is used
in CL09 and CHV11 and an index model described in section 4. Our specification is different from
theirs and so are our conclusions. CL09 and CHV11 find that returns to a college education can
be negative whereas we find them to be consistently positive and substantial. Further, the returns
curves that we estimate do not satisfy the additive separability of errors assumption imposed by
CL09 and CHV11, albeit that the specification in CL09 is not nested by ours. Nevertheless, the
shape restrictions in the existing literature appear to be restrictive and should be studied in greater

depth with a larger data set.

2. IDENTIFICATION

JPX11 show that the identified bounds provided in CHOS5 can be substantially tightened under a
weaker rank condition when instruments are independent of the errors in a two equation triangular
system. In an extreme case with independent and continuous instruments, the structural function
evaluated at particular values of its arguments can even be point—identified. In this section we show
that this general result is in fact closely related to existing results on the identification of treatment
effects (e.g., CL09 and Heckman and Vytlacil (1999, 2001)) and also to the results for continuous
endogenous regressors of CHO3.

The approach taken in JPX11 and CHOS is general in that partial identification is discussed under
the setup of a triangular system with discrete endogenous regressors. The source of the weaker rank
condition and the tighter bounds of JPX11 is the independence between instrumental variables and
unobserved errors, which makes it possible to combine multiple values of the instrumental variables
to obtain identified bounds. The idea is best explained when an endogenous regressor is binary,

which is the case we focus on in the current paper.



Consider the model
y =gx,u),
x =¢(z,v),

where x is a binary regressor, z € §; C R? is a vector of observed ‘demographics,” and y is a

)

scalar—valued outcome.! We omit covariates in the identification analysis but they will be introduced
in the estimation section. We permit the errors to enter nonadditively, so g(1, u) — g(0, u) can vary
with u. Consequently there is a distinction between the difference between (conditional) quantiles
of g(1,u) and g(0, u) and the (conditional) quantiles of the difference g(1, u) — g(0, u). We follow
Doksum (1974) and many others and focus on the former.

Thus, for generic random variables @ and b let Qg5 (t|b) be the T quantile of @ given b = b. The

parameter of interest is

W* = W*(X*, T*|v*) = g{X*v QuIv(T*|U*)} = (Dg(x*,u)Iv(T*lv*)’ (2)

for given values of x*, 7*,v*, where the last equality follows from assumptions D and E below.’

The function ¥* can be used to define causal parameters of interest. For instance, we will call
QMTE(z*[v*) = y*(1, T*[v™) — ¥ *(0, T*[v™) 3)

the quantile marginal treatment effect, which is the quantile version of the marginal treatment effect
of e.g. Heckman and Vytlacil (2005). Integrating QMTE over 7* yields the marginal treatment effect
(MTE). Integrating the MTE over v* with various weight functions is discussed in Heckman and
Vytlacil (2005), and for one such choice results in the average treatment effect.

We make the following model assumptions, which are based on those in JPX11 and CHO5.
Assumption A. u, v have (marginal) U(0, 1]-distributions.
Assumption B. u, v are independent of z.
Assumption C. ¢(z, v) is left—continuous and nondecreasing in v for all values of z.

Assumption D. g(x*, u) is nondecreasing in u on (0, 1].

Tour analysis can be adapted to the potential outcome framework, where the two potential outcomes may have different
errors. There is no loss of generality in assuming a scalar—valued error in a potential outcome variable by the Cantor—
Schroeder—Bernstein theorem. But it becomes restrictive once monotonicity conditions are imposed, as we will do later.
For a detailed discussion of issues in models with vector—valued errors, see Kasy (2011).

ZWe define quantiles in the standard way, i.e. Qq)p(z|b) = inf{a : P(a < alb = b) > t}.
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Assumption E. g(x*,u) is left-continuous in u at Q) (t*|v™).
Assumption F. Forall © € (0, 1], Quy(|v) is nondecreasing in v.

Assumption A is fairly standard in the literature and is essentially a normalization. Assumption B
is strong, but indispensable here. The conditions on ¢ in assumption C are also common. Assump-
tions A to C imply that one can represent the relationship between x,z,v as x = T{v > p(z)},
where 1 is the indicator function and p(z) = P(x = 0|z = z) is one minus the propensity score;
see e.g. Vytlacil (2006). Assumptions D and E are needed for the last equality in (2), as noted before.
Note that assumption D is weaker than strict monotonicity of g in u on (0, 1]. In particular, if for
instance y represents earnings then assumptions D and E allow for the case where there is a mass
point at the minimum wage and the minimum wage is below the desired quantile. Note also that
g(x*,-) is allowed to have a discontinuous jump at Q, (7*[v™*).

The positive dependence condition in assumption F is used in both JPX11 and CH05.> We use
assumption F to obtain identifiable bounds for ¥ *, but it is not needed to establish point identification
of ¥ * if there are continuous instruments and g(x™*, u) is continuous at Q, (t*[v™).

Let V7, Vi be arbitrary subsets (of positive measure) of (0, v*] and (v*, 1], respectively. Then

assumptions A, D and F imply that

g{X*’Qulv(f*le)} = W = g{X*qulv(T*IVU)}» “4)

which can be seen by inverting the inequality e.g.

1
Plg(r*. u) < ylv € Vy} = [P(TVU)/V Ple(c® 1) < y]v = vldv

1
< P{g(x*,u) < ylv =v*¥dv = P{g(x*,u) < ylv = v*}.
< Pty b, FEGT 0 = vlo=v"idy = Ple(”w) < vlo =17

The bounds in (4) are discussed in detail in CHO5 and JPX11. Since it is important for our discus-
sion to understand when these bounds are identified, we briefly discuss CHO5 and JPX11 focusing
on the case x* = 0.

Let V(0) = {(0,p(2)] : z € 8;} and V(1) = {(p(2).1] : z € 8.}. If VL € V(0) then
assumptions B, D and E imply that

g{o,(Dulv(T*“/L)} = Qg(O,u)Iv(T*le) = ®y|x,z(f*|0’z)’

3 Negative dependence can be dealt with similarly. The essence of this assumption is the monotonicity of Q| (z|-).
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which is identified, where z € &, is such that V7, = (O, p(z)]. However, exclusively relying on sets
of the form (0, p(z)] leads to a trivial upper bound of the identified set because there is no set of that
form that lies in its entirety above v*. Similarly, relying on V(1) leads to a trivial lower bound in the
case of x* = 1. CHO5 stops here and interprets this problem as a violation of his rank condition.
JPX11 go on to show that the bounds in (4) are identified when sets not belonging to V(0) are
utilized. For instance, suppose that there exist z and Z in 8, such that v* < p(Z) < p(z). Then
(p(). p(2)] = (0. p(z)] = (0. p(£)] = v*, i.e. all elements in the majorant side set are no less
than v*. Hence one can choose Vi = ( p(2), p(z)] in (4) to obtain an upper bound, namely the 7*

quantile of the conditional distribution given by

P{g(0,u) < y|lv € Vi}

=20 =00 _p(g){[P(y <ylx=0z=2)p(2)—P(y <ylx =0,z =2)p@E)}. O

A Dynkin system D(x*) generated by V(x™*) can be obtained by applying various set operations
to V(x*) and ensures that g{x*, Q,,(t*|V)} is identified whenever V' € D(x*). Such a Dynkin
system can used to identify the tightest bounds in (4). The following definition was first introduced

in JPX11.

Definition 1 (Dynkin System, JPX11). A Dynkin system D(x™*) is defined by the collection Do in
the following iterative scheme. Let Dy = V(x*). Then for allt > 0, Dy41 consists of all sets A*
such that at least one of the following three conditions is satisfied.
(i) A* € Dy,
(ii) A1, A2 € Dy : A1 C Az, w(Az — A1) >0, A* = A, — Ay,
(iii) A1, A2 € Dy : A1 N Ay =0, u(A3 U Ap) >0, A* = A1 U A,.

Since {D; : t = 0,1,---} is an increasing sequence of collections of sets, we have D(x*) =
UP2oD;. It can be shown that the conditional distribution function of g(x*,u) given v € V is
identified whenever V € D(x™*).

Let Dp(x*,v*) = {V € D(x*) : V < v*} and let Dy (x*,v*) be similarly defined. Then
JPX11 have shown® that under assumptions A to F identified bounds for y* are given by

sup g{X*,Qulv(T*lv)} = 1/’* = inf g{X*’QuIv(T*|V)}- (6)
VeD (x*,v%) VeDy (x*,v*)

“#The conditions in JPX11 are slightly different from the ones here.



KM14 have shown that there are circumstances under which the above bounds can be tightened
further.
We now discuss how additional continuity conditions can be used to obtain the point identification

of y*.
Assumption G. Q| (t*|v) is left—continuous in v at v*.

Assumption H. There exists a sequence {z;} in 8, such that p(z;) is (strictly) increasing in t with

supremum v’*.

Left—continuity in assumptions E and G can be replaced with right—continuity. Please note that
left—continuity does not rule out the presence of discrete jumps in the function g and it hence allows
for mass points in the distribution of y. A sufficient condition for assumption H is that at least one
element of the vector of instruments z has continuous variation (given the other elements) and p is
continuous in that element of z.

We can now strengthen the result in (6).

Theorem 1. (i) Suppose that assumptions E to H are satisfied. Then

sup  g{x", Qup(t*|VL)} =¥~ < inf )g{X*»Qulv(T*|VU)}- (N

Vi €Dy (x*,v*) VyeDy (x*,v*

(ii) If moreover assumptions A to D are satisfied then W* is point—identified.

Theorem 1 implies that the Dynkin system approach of JPX11 can be used to achieve point identi-
fication of ¥ * using continuous variation in the propensity score p(z). This result can be compared
to CHO3 where point identification is achieved assuming strong monotonicity of ¢ (z, v) in v, which
implies that x is continuously distributed. If left—continuity (assumptions E and G) is strengthened
to continuity then the inequality in (7) becomes an equality such that the intersection bounds in (6)
collapse to ¥ *.

Continuity of g(x*,u) at u = Quy(r*|v*) is more helpful for the identification of y* than
continuity of Q| (*|v) at v*. Indeed, continuity of @, (7*|v) is of at most modest help to relax
assumption H whereas continuity of g(x*, u) obviates the need for monotonicity assumptions on
Qyv(|v) in v (assumption F) for the identification of ¥*, as theorem 2 demonstrates. However,
as we have pointed out before, assuming continuity rather than left—continuity of g will impose

restrictions on the support of the outcome, which would undesirable.
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Assumption L. g(x*,u) is continuous at Qyy (t*[v*).
Theorem 2. Suppose that assumptions A to D and G to I are satisfied. Then \* is identified.

Please note that theorems 1 and 2 rely on monotonicity/continuity but not on smoothness (i.e.
differentiability). We now discuss how these results are connected with the existing results of iden-
tification via local instruments in the treatment effects literature.

It is well-known in the treatment effects literature that differentiability can result in point iden-
tification of the distribution functions of counterfactual outcomes conditional on p(z) = v*.> We
now explain how this treatment effects literature result is related to the results in theorems 1 and 2.
Let 0, p(z*) be the partial derivative of p with respectto z at z* and G*(y|x*,z) = P(y < y|x =

x*,z =2z).
Assumption J. Forany y € R, G*(y|x*, z) is continuously differentiable in z at z*.
Assumption K. For some z* in the interior of 85, (i) p(z*) = v* and (ii) 3, p(z*) # 0.

It is useful to compare assumptions E, G and H with assumptions J and K. If the propensity score
is differentiable then it follows from (8) that assumption J is equivalent to continuity of Fy, (u|v) in
v at v™* and indeed to the differentiability of Fyy(u,v) in v at v*.

We now show that the smoothness conditions in assumptions J and K provide an alternative path to
identification. Suppose that z is scalar—valued. Since x = O and z = z is equivalentto v € (O, p(z)]

and z = z, we have that for any y € R,

1
p(z)

p(2)
G*(r1+*.2) = Pl = ylo € 0 p@Il) =~ [ Plew) < slv = vjav. @)

Differentiating both sides in (8) and evaluating at z* yields

P{g(0,u) < ylv = v*} =G*(y|x*,z*)+v*w. )
9z p(z*)
The right hand side in (9) is identified and ¥ * is defined as the smallest value of y for which the left
hand side in (9) is equal to t*. An expression similar to (9) can be found in CL09.
For vector-valued z it is more natural to work with the propensity score.” Thus, let G(y|x, p) =

P{y < y|x = x, p(z) = p} so that assumption B implies G*(y|x,z) = G{y|x, p(2)} . Then, as

3See e.g. CL09 and Heckman and Vytlacil (1999, 2001).
6Please note that dz p is vector—valued and we only require one of its elements to be nonzero.
7Assumption J is sufficient but not necessary for the differentiability of G(y|x, -).
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was shown by CL09, we have

[P{g(O, u) <ylv= v*} = G(»|0,v*) +v*9,G(»|0,v*),

(10)
P{g(l.uw) < ylv =v*} =G(y|l.v*) — (1 =v")dpG(y[1.v").

Theorem 3. If assumptions A to D, J and K are satisfied then ™ is identified.

Theorems 1 to 3 articulate a trade—off between monotonicity, continuity, and smoothness assump-
tions. Continuity of Fyy(u|v) in v and differentiability of the propensity score are convenient for
estimation but neither condition is necessary for identification.

Finally, we note that the Dynkin system idea in theorems 1 and 2 has applications far beyond the
simple binary endogenous variable model of this paper: see e.g. JPX11; Jun, Pinkse, and Xu (2012);
Jun, Pinkse, Xu, and Yildiz (2010).

3. EsTIMATION

3.1. Assumptions. We now proceed to describe and motivate our estimation procedure, for which
we will focus on the case x* = 0. We add a subscript i to y, x, z, u, v and assume that we have an
i.i.d. sample of size n. We allow for the presence of exogenous covariates a; € R% in the function
g, 1i.e. we now consider

yi =g(xi ai u). (11
The covariates a; are contained in the vector of instruments z;, which contains one or more additional
elements ¢; and is assumed to be independent of u;, v;, as is formally assumed here. However, in
our proofs, we explicitly allow for the possibility that @; and z; have the same dimension, because
in the semiparametric version of our estimator introduced in section 4 we consider aiTQO and zl.T)/o

(with a; a subvector of z;) in lieu of a; and z;, respectively.

Assumption L. Assumptions A to D and K are for some q* satisfied with z; = [qlT, a;-r]T, z* =

[¢*T, a*T7, and with g(x*,a*,u) in lieu of g(x*, u).

Let ¥; : R4 — R denote the class of functions which are j times continuously differentiable on
Z and j + 2 times boundedly differentiable with respect to z;. We replace assumption J with the

stronger assumption M.

Assumption M. G*(y|0,z) € %>.
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The addition of the covariates a; does not complicate the identification argument much. Indeed,
one can simply condition on a¢; = a* in which case the entire argument of section 2 can be repeated
with ¢; assuming the role of z;. For estimation we adopt the identification argument of theorem 3,
because it is the most convenient. Assumption M is introduced to obtain the desired convergence
rate.

Thus, let b; = [pi.a]]".zi = [q{.a]]", pi = p(z;), and (re)define
G(ylx.a.p) =P(yi = ylxi = x.a;i = a. pi = p). (12)
We start by estimating
Yr =Pt e v") = Qe en el (THI0F) = g{xT. a, Qu (TF07)] (13)
We propose estimating ¥ * by inverting the functions H(:|a*, v*) defined by
H(yla,v) = P{g(0.a.u;) < y[v; = v},
which under assumption L satisfies

H(yla,v) = G(y]0,a,v) + vd,G(y|0,a,v).

So whereas the estimator in CLO9 is semiparametric and the object of interest is the mean,® our

approach is nonparametric and we estimate quantiles which entails an additional inversion step which
requires some empirical process theory. However, in section 4 we discuss the possibility of using
single index restrictions allowing for the possibility of semiparametric estimation, albeit in a more
structural fashion than CL09.

Let G(yla,v) = G(y|0,a, v) and by assumptions B to D for w; = w(z;) for some function w to

be introduced later,

_ _ -
G(yla™.v*) = m%jﬁ:fiﬁ; O:‘Z_pc: :,1;;*)— Eat (14)
Since the function p is estimable, so is the function G, and thence H. We propose estimating both
G and d, G by nonparametric kernel (derivative) regression estimation and inverting the resulting
estimator of H(-|a*, v*) to estimate ¥ *.

8or a quantile under an additional additive separability assumption.
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It is well-known that kernel regression estimation has problems in the tails of the distribution,
or more precisely wherever the density of conditioning variables is close to zero. In the estimation
we hence only use observations i for which z; belongs to some convex and compact set Z on which
the density f of z; is bounded away from zero and which is further constrained below. Not using
all data does have efficiency implications, but the commonly used alternative of sample—size depen-
dent trimming is practically cumbersome, technically messy, and any meaningful gains of such a
procedure in empirical work are phantasmic. In what follows we will assume z; to be continuously
distributed even though in empirical work discrete covariates and instruments are prevalent. Kernel
estimation with discrete regressors can be accommodated (see e.g. Delgado and Mora, 1995) at the
expense of longer proofs. However, because in practice the index version of the estimator proposed
in section 4 will often be more attractive and since for the index version only one of the elements
of a; and one of the elements in z; that are not in a; must be continuously distributed, we do not
weaken the assumption here.

The function w in (14) is chosen to be nonnegative on Z and zero elsewhere. Let Ix; = 1(x; =

Ow;, I;(y) = Ix;1(y; <), let fup be the joint density of a;, p;, and let
Sox = Sox(a*,v*) = E(xila; = a*vpi = U*)fap(a*vv*)’ Six = 0vSox.
So(y) = So(y;a*,v*) = E{li(y)|lai = a*, pi =v*} fap(a™,v"), S1(y) = 3 So(y).
Then, noting that G(y|a™, v*) = So(y)/Sox, it follows that

_ So(»)Sox + v*S1(¥)Sox — v*So(»)S1x
Sox '

H(yla™*,v")

We now develop our estimator. Let k be a kernel, K be a product kernel based on k whose
dimension is determined by its argument, and let /¢, /11, &, be bandwidths. Define K;;(z) = K {(z—
z,-)/hz}/hgz, and p; = p(z;), where

Y1 Kzi(2)1(x; = 0)
Z?:l K:i(z)

Let further Kqij = K{(a* —a;)/h;} /0% kS = kO{@* = pi)/ by} [+ kS = kO {(v* —
ﬁ,-)/h,-}/hj.“, and

p(z) = (15)

N 1 <& n R
Ss(vip) =+ Zkl(i)Kaisli(J’)’ Ss(vip) =~ Zkl(i)Kaisli(J’)’ (16)

i=1 i=1
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The proposed estimator is then given by

H(y|a*,v*) — O(y) 0x + v 1(2;) 0x v O(y) lx’ (17)
Sox
where S’o(y) = So(y;ﬁ), §0x = §o(oo), .§1(y) = §1(y;13), and glx = gl(oo).
The bandwidths kg, i1, and h, vary with n according to
ho~n"M hy~n ™M and hy ~n~"" (18)

for some ng, 71,1z > 0 to be constrained in assumption S.

So there are a total of five different input parameters here: a kernel, the w—function, and three
bandwidths. The number of bandwidths can be reduced to two by choosing hy = h;, but our
conditions require that &9 and /1, converge to zero faster than /1.

We make the following assumptions.
Assumption N. G(-|a*,v*) and 3,G(-|a*, v*) are differentiable in y, and hence so is H(-|a*,v*).

Assumption N presumes a continuous outcome, which is not necessary for identification but is
convenient for estimation. It is sufficient for the quantile of interest to be uniquely defined and is

needed for the empirical process results that are used.

Assumption O. Z = Z; x Z is a subset of the interior of the support 8; of z; = [z,—l,EiT]T, for
which Z C RI=—1, Zy = |[z1,Z1] for some z1 < Zi are compact and convex. On Z the density
f € 53 of z; is bounded away from zero. Finally, Z contains points of the form (q,a™) and for any
such points and any vector & € R there exists an € > 0 such that (q,a* — €€) and (q,a* + €€)

are also in Z.

Assumption P. p € %5 is (strictly) increasing in its first argument and 0 < P{p(z1,Z;) < v*} <

P{p(z1,2;) <v*} < L

Assumptions M, O and P are typical for the kernel derivative estimation literature, albeit that we
require the existence of one extra derivative in the first argument. There is nothing special about the
first argument (other than that it is an element of ¢; rather than a;); one of the instruments used must
satisfy this condition, but there is no need to know, or indeed specify, which one. The number of
required derivatives with respect to z; can possibly be reduced by one at the expense of much more

restrictive conditions on the bandwidth sequences (assumption S) and permitted dimensions d,, d.
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The remaining assumptions (assumptions Q to S below) pertain to the choice of input parameters

and are hence of lesser importance as long as input parameters that satisfy the properties exist.

Assumption Q. w € F3 is positive on the interior of Z, zero everywhere else, and nowhere greater

than one.

Assumption Q is there both to ensure that only observations i with z; € Z are used (the need
for which was explained earlier) and to allow us to use standard kernel bias expansions by removing
discontinuities on the boundaries of Z.

We now state our conditions for the kernel and bandwidth choices.

Assumption R. The kernel k is even, everywhere nonnegative, infinitely many times boundedly
differentiable, and integrates to one. It further satisfies ks» = [ (kO ()\2dt < oo fors =0, 1, and
k2 = [k(t)t?3dt < oo.

Conditions on the kernel similar to those in assumption R are standard in the kernel estimation
literature. Since we get to choose k, assumption R is innocuous. It is possible to require a smaller
number of derivatives at the expense of longer proofs and possibly stronger restrictions on the band-

widths than those found in assumption S.

Assumption S. The constants 19, 11, 1)z defined in (18) are such that for n* = max(2d;n; —1,0),
2no < min(4nz, 1 —n.d;), and

max{n*, 1 —4max(nz.n0). (da + 1)10,2(da + 2)10 + n* — 1} < (da + 3)m <

min{(dq + 3) min(no.nz). 1 — n*}.
The choice of bandwidths in assumption S results in the convergence rate

pn = p{1=G+da)mi/2. (19)

While assumption S allows for undersmoothing, the choice of 1 = 1/(7 + d,) leads to the op-

2/(7+da) for kernel derivative estimators (using second order kernels). Faster

timal rate of p, = n
convergence rates are feasible under additional smoothness conditions (more derivatives) using bias
reduction techniques such as higher order kernels or local polynomial estimation. Such an exten-
sion is a well-trodden path, which adds no new theoretical insights, and its promised performance

improvements are not often realized in samples of finite size.
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To see that 719, 11, n, exist for many (but certainly not all) combinations of d,, d,, we present
table 1 which for n; = 1/(7 + d,) lists the values of 1,000 times the values of g, n; which are
the ‘points of gravity’ of the regions of 7¢, 7, combinations for which assumption S is satisfied and
which are in some sense hence farthest from violating assumption S. If there is no entry in the table
for a particular d, < d,—1 combination then that means that for n; = 1/(7+d,) there are no values
of no, 1 to satisfy assumption S. Of course, 719, 171, 1)z only indicate a rate; the constant multiplying

n~ 70 for instance still needs to be chosen.

dz
dg | 1 2 3 4 5 6 7 8 9
226 209 190 166
0 142 142 142 142
345 216 174 154
181 180 176 166 145
1 125 125 125 125 125
380 221 169 145 133
145 144 142 136 128
2 111 111 111 111 111
223 168 140 125 115
122 121 120 115
3 100 100 100 100
160 132 116 107
107 106 104 100

4 90 90 90 90
126 110 100 93
96 95 92
5 &3 83 83
105 95 88
86 85 83
6 76 76 76
90 83 78
79 17
7 71 71
80 75
7270
8 66 66
72 68

TaBLE 1. Suggested choices for 1,000 times 719, 171, 1)z for various combinations of d,, d.

3.2. Limit results for our estimator of H. Before stating our formal results, we introduce some

notation. Let Ap = limy—o0(pnh?), Ay = limpeo(p2/nh3T9%), p,(y|z) = P(y; < ylxi =
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0,z; = z),
L(y.a* v*) = v* fup(a* v*)ci2Ed py (v]z0)w?la; = a*. p; = v*},
and

C(y,y*) =C(y,y*:1a",v*) = T{min(y, y*),a*, v*} = T (y,a*, v*)G(y*|a™, v")

—T* a*, v)G(yla*, v*) + G(yla*, v*)G(y*|a*,v*)[(c0,a™,v*). (20)

Let further
U*ZC(y y*.a* v*)
C(y,y" ) =C(y,y*;a*,v*) =2 A ,
».»") .y ) = Av S2_(a*,v%)
and
* % AbU*KZ * % * % x %
B() = B(ia”" v = T tr{avabbTSo(y;a %) — G(yla*, v*)dydppt Sox(@*, v )}.
X

Theorem 4. Under assumptions L to S,
pntH (la*.v*) = H(|a* v*)} 5 G.

on the space of bounded functionson Y = {y : Ju € U : g(0,a*,u) = y}, £2°Y), where G is a

Gaussian process with mean 8 and covariance kernel €.

Please note that table 1 implies that it is possible for the limit distribution not to be affected by the
first step estimation of p — the ‘oracle property’ — even in some cases in which d, > d, + 1. This
may appear to be at odds with other results in the voluminous literature on nonparametric generated
regressors (Rilstone, 1996; Pinkse, 2001; Mammen, Rothe, and Schienle, 2012, inter multa alia)
in which nonparametrically estimated regressors do affect the optimal convergence rate unless the
estimated regressors are functions whose vector of arguments is of smaller dimension than the vector
of arguments of the function of interest. However, here we are not evaluating p at a fixed point, say
z*, to obtain our estimate Ig (yla*,v*). Instead we only use p;’s which are averaged in some sense
which reduces their contribution to the variance, thereby allowing us to use smaller 4, values to

reduce the bias, also.
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3.3. Limit results for our estimator of v/ *. We finally turn to our estimator of y* itself. We use

the standard definition of quantile using the estimated conditional distribution function, i.e.
vr = inf{y : Hla* v*) > T*}.
The asymptotic behavior can then be inferred from theorem 4. Indeed, we have theorem 5.

~ d
Theorem 5. Under assumptions Lto S, p, (Y™ —¢¥*) — N(By, Vy ), where

_ B v EWry)
H'(y*|a*,v*)’ VT H (e 002

3.4. Bias and variance estimation. The bias and variance in theorem 5 can be consistently esti-
mated by standard methods. Since the bias can be removed by undersmoothing, the Jackknife, or
other methods, we focus on estimation of the variance below. Note that

_ 5800 S0x + 08" () Sox — v* 55" ()81

H'(yla* . v")
Sox

where letting fy (:|x, z) be the conditional density of y; given x; = x and z; = z,

SP) = 3y So(y) = E{Ixi fy(y|xi,20) | pi = v*} fup(a®, v*),

SV = 8,51(9) = By So()-

For s = 0, 1, we can estimate Ss(l)(y) by
A 1 n
SO == Kaiskikyi ()1,
i=1
where ki (y) = k{(y — yi)/hy}/hy with 1, a bandwidth. Also, C(y, y;a*, v*) can be estimated
by

; htle & - So(»)2
C(y,y;a*,v*) = 1n D Kk 1(x; =0)w,-2{ﬂ(yi =)y -3 } :
i=1 0x

The final estimator of Vy, can be obtained by using S §1) and C evaluated at y=y*= 1/;* The

following theorem establishes the consistency of S §1) (1/;*) and C (1/7*, 1/;*).
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Theorem 6. Suppose that assumptions L and N to S are satisfied with hy, = o(1), 1 = o(pnhy),

and supy |k(s)| < oo. Then, fors =0, 1,
a *xy P * 5. 2% pky P * * %
SO@*) S SO and CH* F*) > CY*. y* v¥).
4. INDEX

In most applications the dimensions of the a;, z; vectors are too large for estimates to be suffi-
ciently precise. One solution to this problem is to impose semiparametric restrictions on the g and
p functions or, said differently, to assume that a;, z; enter as indices. As a leading example, we

consider’
_ T
yl _g{xl’aleo’ul)’

xi = TUwi > pzy)}.

albeit that in our application we allow the value of 6y in g(1, -, -) to be different from that in g (0, -, -).

2D

It follows from the copious work on index models that several normalizations are needed. First,
a;,z; should not include a constant term and even then the vectors 6y, yo are (at best) identified
up to scale. Second, one should be able to move x; exogenously without changing a;, i.e. at least
one of the y—coeflicients on the ¢; component of z; should be nonzero. Indeed, if one lets ziTyo =
a,-T)/Oa + qu' Yoq then the conditions of sections 2 and 3 can be verified conditional on aiTQO = a*Th,
and taking z in sections 2 and 3 to equal qiTyoq; doing this requires that yo4 # 0.

From now on, we take identification of ¥ * and that of g, 6y as given. We also take as given that
J/n—consistent estimators p, 6 of Y0, 0o exist. We are not generally fans of high—level assumptions.
However, the structure of (21) fits well into the index model estimation literature of which Powell,
Stock, and Stoker (1989); Ichimura (1993); Klein and Spady (1993) are prominent examples. Indeed,
P(x; = 1]z; = z) = p(zTyp), which yields an estimate of yq. Further, E(y|x = x,z = z) is an
unknown function of x, zTyg, a"6p, which can be used to construct an estimate of 6.

The main task for this section, then, is to establish that the estimation of the nuisance parameters
Y0, 6o does not affect the limit distribution of the estimator of y*.

Let ¥ * be defined as ¥ *, replacing a; with a;.r)? and z; with z;ré .

Theorem 7. Suppose that p, 0 are /n—consistent estimates of yo, 6o, respectively. Then theorems 5
and 6 hold for V;* when a;, z; are replaced with aiT)? and leé , respectively.

9Other parametric link functions or multiple indices can be accommodated but they complicate the identification condi-
tions.
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5. APPLICATION

5.1. Data. We now apply our method to estimate the returns to college education using the NLSY
1979 data, which were used by CL09 and CHV11 inter alia. Indeed, we use the code provided by
CHV11 to obtain exactly the same data set and therefore we compare our results with CHV11: the
results of CL09 are not qualitatively different from those in CHV11. The sample consists of 1,747
white males. The data set contains a number of demographic and education—related variables as can
be gleaned from our results tables, tables 2 and 3. Even though the sample is fairly small relative to
the nonparametric specification of the model that we are estimating, we are finding several interesting
results.

A detailed description of the data can be found in CHV 11 and its supplementary material,'” which

also contains summary statistics separated by education group (college versus noncollege).

5.2. Methodology. Asnoted in the introduction, our approach differs from that of CL0O9 and CHV11
in several respects. The most important difference is that in both those papers the error in the earn-
ings equation enters additively whereas in our model it enters nonparametrically, i.e. nonadditively.
Hence in CL09 and CHV11 there can be no interaction between the earnings equation error and
regressors such that potential wage curves (as a function of v*) for different covariate values are
constrained to be vertical shifts of each other, whereas ours can vary freely. This shape restriction is
also used in CHV 11, which takes a more parametric (and therefore more restrictive) approach than
CL09.

Like CL0O9 and CHV 11 we distinguish between two groups: those with a college education (group
1) and those without (group 0). For the schooling equation we use the second half of (21). For the
wage equation we allow the 8—coefficients in (21) to be different across education groups, i.e. we

consider
yi = gi(a] 010, ui))Wx; = 1} + go(a] o0, uio) x; = 0},
x; = Wv; > p(zly)}.
where the outcome variable is a multi—year (1989-1993) average of log hourly wages deflated to

1983$: our identification analysis focuses on each of the two potential outcomes and it naturally

extends to the case where the errors in each of the potential outcome equations are different.

10gee https://www.aeaweb.org/aer/data/oct2011/20061111_app.pdf
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Since x; is increasing in v; for fixed z; and v; is assumed independent of z;, we interpret v; as an
unobserved measure of an individual’s inclination to attend college, i.e. a measure of such inclination
that is not accounted for by z;.

We estimate yo (normalized to have a unit length) in the schooling equation using Ichimura’s
semiparametric least squares estimator (SLSE), which uses the fact that

. 2
Yo = argmin [E{x,- - [E(x,-|zl-T)/)} .
lyll=1

Ichimura (1993) states conditions under which the SLSE is 1/n—consistent.

The specification of the f—parameters is in essence a double index model (Ichimura and Lee,

1991) since
E(yilxi =0,a; = a,z; = z) = E{go(0,a" 0po. uio)|vi < p(zTy0)} = Go(a'bo0.z" o).
E(yilxi = 1.a; = a,z; = z) = E{g1(1,a" 010, ui1)|vi > p(zTy0)} = G1(a610.2 o).
albeit that in our case we already have /n—consistent estimates of y9. We therefore use Escanciano,
Jacho-Chdvez, and Lewbel (2010, EJL10) instead of Ichimura and Lee (1991); /n—consistency
obtains under conditions stated in EJL10.

Since our analysis is semiparametric, we scale the exogenous variables (i.e. controls and instru-
ments) by their standard deviations. All computations are done in Matlab using its global optimiza-
tion toolbox with 100 initial values. For the bandwidth choice we follow Hérdle, Hall, and Ichimura
(1993), which entails optimizing over the coefficients for each bandwidth and then doing a grid
search over the bandwidth. The search range is (0.01, 0.41) noting that 2n~1/5 ~ 0.4. There is, as

is not unusual, some sensitivity to the choice of bandwidth, but changing the bandwidth does not

affect the qualitative conclusions of our study.

74

Ficure 1. Effect of permanent local log earnings at age 17
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Full model No proxies
% S.E. 7y S.E. CHV11
0.4630 (0.0421)** 0.2237
0.0411 (0.0634) 0.0118
—0.1852 (0.0532)** -0.1897
0.1883 (0.0680)** 0.0258
—0.4398 (0.0586)** —0.4376 (0.0355)** -0.3833
0.0010 (0.0401) —0.0235 (0.0302) 0.0016
—0.0130 (0.0330) 0.1243 (0.0596)*  0.0023
0.0559 (0.0239)* 0.0524 (0.0284) -0.5112
—0.0551 (0.0234)* —0.0014 (0.0325) 0.5146
0.0282 (0.0329) —0.0415 (0.0323) -0.0145
—0.0415 (0.0319) 0.0266 (0.0310) -0.0139
0.0135 (0.0352) 0.0500 (0.0475) 0.0174
0.0046 (0.0495) 0.0059
0.0087 (0.0383) -0.0180
—0.0249 (0.0430) —0.0212 (0.0396) 0.0019
—0.0618 (0.0431) —0.0686 (0.0488) -0.0305
—0.1882 (0.1100) -0.1981
0.1665 (0.0293)** 0.1953
0.5344 (0.0756)**  0.3375 (0.0779)** 0.3843
0.1097 (0.0428)* —0.0214 (0.0372) 0.0377
—0.0099 (0.0499) -0.0052
—0.0553 (0.0380) -0.0398
0.0292 (0.0447) 0.0072 (0.0355) -0.0046
—0.1385 (0.0514)** —0.0076 (0.0389) -0.0279
0.1783 (0.0720)* 0.0081
0.1667 (0.0355)** 0.0297
—0.2352 (0.0498)** —0.1113 (0.0439)*  -0.0062
0.03 0.04

Notes: The birth year cohort dummy coefficients are omitted from the table. The numbers in parentheses are standard
errors that are computed using the bootstrap with 500 replications. The coefficients in the full model are normalized
to have norm one with the birth year cohort dummies included. The no proxies coefficients are normalized to have the
same norm as the full model coeflicients for the visible coefficients, e.g. the norm of the coefficients in the no proxies
column is the same as that of the corresponding coefficients in the full model column. The CHV11 coefficients are taken
from their online appendix, rescaled to be consistent with our choice to normalize covariates to have unit variance and
then renormalized to have the same norm as the visible vector of full model coefficients. Significance at the 5% and 1%

level is indicated with asterisks.

TaBLE 2. Schooling equation coefficients.

5.3. Results pertaining to the schooling decision. We now turn to a discussion of our estimation

results. Table 2 shows the estimates of the schooling equation coefficients. We consider two speci-

fications: one includes proxies of intellectual ability (AFQT] 'and mother’s education) and the other

The Armed Forces Qualification Test was administered to all subjects.
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does not. The full model is consistent with specifications used by others and is our main specifica-
tion. We include the models without proxies mainly to demonstrate that (i) v* should be interpreted
as an inclination to attend college conditional on ability and that (ii) the AFQT scores and mother’s
education do a great job proxying for ability.

The estimates can be interpreted as average partial effects up to scale normalization, because
the schooling equation is a single index model. The coefficients in the model without proxies are
normalized to have the same norm for the corresponding visible coefficients in the full model. The
last column of table 2 contains the corresponding estimates of the first stage logit regression reported
in the online appendix of CHV11 normalized to have the same norm as the visible coefficients of
the full model after correcting for our scale normalization of the covariates mentioned earlier. The
most striking difference is in the effect of permanent local log earnings at 17 (PLLE17): figure 1
displays the index as a function of PLLE17 holding all other regressors constant, where the domain
is mean+two standard deviations and where the functions are vertically centered at zero. Both are
close to linear with one increasing and the other decreasing, albeit that the magnitudes of the CHV11
coeflicients far exceeds ours. We have done further experiments (not tabulated) to determine the
source of this difference, which suggest that the differences are mainly due to the nonparametric and
nonseparable second stage in our estimation method: if we replace our semiparametric first stage

with a fully parametric first stage then the results are largely unchanged.

T T~

(a) Full model (b) No proxies
FiGure 2. Density of p(z}-yo)

Figure 2 depicts the density estimates of p(ziTyo). When the intelligence proxies are excluded,
the density of the propensity score is small at extreme quantiles, i.e. at extreme levels of the ob-
jects’ inclination to attend college. This is intuitive since there are no purely demographic variables
that would explain the college education decision with (near) certainty; individuals with very low
AFQT scores will not attend college with certainty but once AFQT scores and mother’s education

are omitted there are no covariates left to predict the outcome with an equal degree of certainty.
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Full model No proxies CHV11

nocoll. college nocoll. college nocoll. college

Experience 0.7998  0.6668  0.0131  0.6511 0.0575 0.5384
Experience Squared —0.2504 —0.4453 —0.8404 —0.4946 0.0073  -0.4068
Log Local Earnings in 1991 0.2685  0.3839 —0.4730 0.4316 0.0283 0.2605
Local Unemployment in 1991 —-0.1372  0.0748  0.0273  0.0766 -0.0014 0.0077
Corrected AFQT —0.0321 0.1562 0.0143 0.2202
Corrected AFQT Squared 0.0169  0.1060 -0.0171 0.1202
Mother’s Years of Schooling —0.0433 —0.0990 -0.0129  -0.0429
Mother’s Years of Schooling Sq. 0.0191  0.0336 0.0152 0.1508
Number of Siblings 0.0577  0.0024 —0.0648 —0.0131 0.0024  -0.0369
Number of Siblings Squared 0.0421  0.0306  0.0423  0.0121 -0.0036 0.0066
Urban Residence at 14 —0.0778  0.0595 0.0459 0.1747 0.0010 0.0452
Perm. Local Log Earnings at 17 —0.1781 —0.2023 —0.1534 —-0.0462 0.7027 0.3201
Perm. Local Log Earnings at 17 Sq.  0.2842  0.2558 —0.0143  0.1173 -0.6936  -0.3144
Perm. State Unempl. Rate at 17 0.2230  0.1344  0.0744  0.0403 0.0210 0.2724

Perm. State Unempl. Rate at 17 Sq. —0.1034 —0.1531 —-0.0955 -0.1980 -0.0222  -0.3241

Bandwidth 0.21 0.39 0.40 0.29

Notes: Birth year cohort dummy coefficients are not reported. The coefficients in the last two columns were
scaled to have the same norm as the vector containing the coefficients to the same variables in the first two
columns. The dependent variable is log hourly wages.

TaBLE 3. Earnings equation coefficients

5.4. Results pertaining to returns to education. Regression coefficients for the second stage can
be found in table 3. The last two columns contain the coefficients of the normal switching regres-
sions reported in the online appendix of CHV11, rescaled to make them comparable to ours. The
coeflicients in our full model, which as noted is our main specification, seem sensible. A few co-
efficients differ in sign from what is found in the CHV 11 regressions, especially for group 0. The
most noticeable difference is in the effect of PLLE17, which is the same variable that had different
coeflicients in the schooling decision equation. But most coefficients, including those on PLLE17,
are insignificant in CHV 11, it is unclear what one would expect the signs of the coefficients to be,
and our model nests CHV 11 so the differences may be due to misspecification or indeed noise due
to overspecification.

We now turn our attention to the potential wage curves depicted in figure 3.'% Like in the existing
literature potential wages for group 0 in the full model decrease as v* increases. There are however

some important differences: our potential wage curves for the two education groups do not cross —

12Note that averaging the covariates or v* do not yield ‘unconditional’ quantiles of potential wages.
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FiGure 3. Potential wages as a function of v* for t* = 0.3 (left), * = 0.5 (mid-
dle), and t* = 0.7 (right), with (top) and without (bottom) intelligence proxies.
Covariates are evaluated at their means. Dotted lines show (pointwise) 95% confi-
dence intervals. 2.2 ~ $9.03,2.4 ~ $11.02, 2.6 ~ $13.46, 2.8 ~ $16.44.

FIGURE 4. Return on a college education as a function of v*, t*; covariates evalu-

ated at their means; 0.2 corresponds to a 22% premium, 0.4 ~ 49%, 0.6 ~ 82%,

and 0.7 ~ 100%.
returns on a college education are consistently positive — and potential wages for group 1 decrease
as v* increases. There are several explanations for the decreasing potential wage curves.

One explanation is that the intelligence proxies adequately measure ability and that v* should now

be interpreted as one’s inclination to attend college. Those with an unfulfilled desire to attend college
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FiGUuRE 5. Returns to college as a function of v* for t* = 0.3 (left), t* = 0.5
(middle), and t* = 0.7 (right) for the full model. Covariates are evaluated at their
means. Dotted lines show (pointwise) 95% confidence intervals

FiGure 6. Returns for various t™* values in the full model. Covariates are evaluated

at their means.

median

third quurme\~ — /

_— — __—/ third

quartile

third quartile

first quartile

first quuml/

/ o first quartile

/

FiGure 7. Returns for t* = 0.3 (left), t* = 0.5 (middle), and t* = 0.7 (right) in

the full model at different covariate values. Covariates are evaluated as indicated.
may do poorly in the labor market, as do those who attend college despite their lack of ability (as
measured by AFQT scores and mother’s education level). Such explanations are consistent with the

graphs for the model without the intelligence proxies in figure 3 which feature (mostly) increasing
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potential wage curves because absent proxies v* is correlated with overall ability. We conclude that
AFQT and mother’s education do a good job proxying for ability and focus on the full model from
hereon.

The return on a college education at different quantiles of education equation (v*) and earnings
equation (t*) unobservables are presented in figure 4, where the controls are fixed at their sample
means. Figure 5 depicts the same information in greater detail at three values of t* and figure 6 at
five values of 7* but without confidence bands.

Returns to college vary substantially with both t* and v*, albeit that figure 5 suggests that at the
moderate * quantiles depicted returns are similar except at high v* values. More striking is the
* = 0.1 graph in figure 6, which indicates that the returns on education are substantially less at the
bottom end once inclination to attend college and demographics are controlled for.

All of the graphs discussed thus far have covariates evaluated at their means. Figure 7 introduces
variation across covariate values and depicts returns as a function of v* for three moderate values of
7* where the covariates are measured at four different values: three quartiles and the mean.

CHV11 and CL09 impose shape invariance restrictions that are not imposed by us. The shape
invariance restrictions in both of those papers imply that the returns curves (and in fact also the
potential wage curves) are identical to each other up to a vertical shift if one changes covariate
values. Such shape invariance conditions look inconsistent with figure 7.

We conclude our discussion with an analysis of the sensitivity of our results to the choice of input
parameters. The results are depicted in figure 8. The results are unusually robust to the choice of /4,
which we attribute to the fact that the semiparametric estimation procedure averages across p;’s.'>
With severe undersmoothing the /1 curves and especially the /¢ curves get the expected nonsmooth
appearance which is exacerbated by the fact that we only computed estimates at 0.1 increments of

the v*—values.

13The word ‘averaging’ here should be interpreted in the sense of inter alia Linton and Nielsen (1995), not an immediate
sample mean. We average over functions in which p; enters as one of the arguments.



Ficure 8. Potential wages for different values of t* (0.3, 0.5, 0.7 from
left to right) and different bandwidth choices. At the top we vary hy €
{0.05,0.10,0.15,0.20,0.25} with h; = 0.35,h; = 0.15, in the middle we vary
hy = {0.25,0.30,0.35,0.40, 0.45} with hg = 0.15,h; = 0.15, and at the bottom
we vary h; € {0.05,0.10,0.15,0.20,0.25} with hy = 0.15,h; = 0.35. Each col-
ored curve denotes a different bandwidth ordered from small to large (red, green,
blue, purple, and orange). Dotted curves are for the college educated case.
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APPENDIX A. LEMMAS FOR IDENTIFICATION

Lemma A1l. Suppose that assumptions G and H are satisfied. Then,
lim <Dulv("f'*lvt) = ®u|v(f*|v*)’
t—00
where Vy = (p(z,), p(2t+1)] and {p(z¢)} is as in assumption H.
Proof. Choose € > 0. By assumption G there exists a ve < v* such that for all v € (ve, v*],
Qup (T*|v™) — € < Quip(t7[V) < Qupp(t™|v™) +e.

Recalling that Q) (t*|v*) is the smallest value of u for which P(z < ulv = v*) > t*, it follows

that for all v € (ve, v*],
Plu < Qupp(T*[v*) —elv = v} <% < Pl < Qup (¢*]v") + €l = v}.

Hence, if one picks ¢ large enough to ensure that ve < p(z¢) < p(z;4+1) < v* then

p(zt+1) K., %
Plu < Qup(t*|v*) + €|lv = vidv
Plu < Qupp(T*|v*) +elv e Vi} = oz P = Qui } > %, (24)
p(ze+1) — p(2r)

and similarly

Plu < Qup(z*|v*) —€lv € Vi) < ™. (25)

Hence, it follows from (24) and (25) that

<IQu|v(77*|v*) —€< ®u|v(7*|Vt) = Qulv(f*|v*) + €.
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Since € > 0 was arbitrarily chosen, the proof is done. O

Lemma A2. Suppose that assumptions F to H are satisfied. Then,

sup CDulv('f*lv) = Qulv(f*lv*) = inf Qulv(f*|v)- (26)
VeDr (x*,v*) VeDy (x*,v*)

Proof. By assumption F and definition of Dy, (x*, v*) and Dy (x*, v*), we have

sup ®u|v(f*|V) = <Dulv(‘f*lv*) = inf QuIv(T*|V)- (27)
VeDy (x*,0%) VeDy (x*,v*)

Now let V; = (p(z,), p(z,+1)], where {p(z;)} be as in assumption G. Since V; € D (x*,v*), we
have
Vi, Qup(T*V) < sup Qup(T¥[V).
VeDr (x*,0*)
Therefore, it follows from lemma A1 that
Qulv(f*w*) = sup (D\ulv(f*lv)- (28)
VeDyr (x*,v*)

Combining (27) with (28) completes the proof. O

ApPPENDIX B. TECHNICAL LEMMAS

LemmaBl. Let B, = ) 7, &,i, where {& i} is ani.i.d. mean zero sequence of functions whose el-
ements can depend on n. For any compact set Y, suppose that Z’ n > Lissuchthatsupyey| 0y En(v)] <
En, let 035 = supyey Véni(v) and let &, be such that [P{SupUGT |Eni (V)] > én} =0 I

afg < 1/nlog &, and &, < 1/log &y then supyey |En (V)| < 1.
Proof. Cover T using ¢, balls Yy, ..., Y¢, with centroids vy, ..., vg,, in such a way that for any n,
max;—1,....¢, SUPyer, ||V — vl < C/g“,%/d“ for some C independent of n. Then

sup |[E»(v)] < max sup |[En(v) — Eu(v)| + max |En(vr)l. 29)
veT t=1,..., nveY, t=1,....,¢n

Choose any € > 0. For § > 0 to be chosen, let {, = (85‘”/6)‘1”.

For RHS2 in (29) we have by the Bernstein inequality that

&n 2

€
[P{ max |&,(v >e}§ Py E,(v)| > €f <2, ex {——_}<1.
e B () ; {Zn (ol > €} < 2 exp 2o, 750

.....
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Finally, for RHS1 in (29) we have by the mean value theorem that

[P{ max sup|En(v)—5n(vt)|>6}§[P{sup||3vEn(U)|| max sup||v—v,||>e}
t

t=1a"'3§ﬂ UET[ UGT =1,....,6n ’UET[
l/dU
€ )
< P{sup |9 Ea () > 5} = Plsup |9, B, ()] > gu”}
veY C veYl C
Let n — oo followed by § — oo. O

Lemma B2. Let {Sl’:i} be an i.i.d. sequence of mean zero functions defined on a compact set Y
for which for some C < o0, sup, [n_CE{supUGTHBU‘g';i (U)||}] < 00. Let further 035* =
supyey Vé,,; (v) and sup, P(supyey &7 (V)] > 5:) = 0. Then for any

¢n > max( Ufg* logn/n, & logn/n),

sup
veY

n~! ZE;,(U)‘ < Cn.

i=1

Proof. In lemma B1 take &,; = §;i/n§n. O

Lemma B3. Ler {§;} be an i.i.d. sequence, let §; include y; as an element, and let {/f i} be such
that A; = Ap(Ci,C1,....Ci—1.8is1s- ... Cn) for arbitrary function Ay. If[P(||/’1\1|| >€) < 1/n
and sup,, ey IP{HZ:’:_II fi\,-I,-(y)H > e} < 1/n, then supyeyHZi /f,-l,-(y)” < 1.

Proof.

N

{sup‘ZA I; (y)” > 26} = [P{ max ZA Il(y,)” > 26} < [P{”Xn:/i\ili(yt)” > 26}
..... =

yey t=1

Snilelly)[P{“g/f,-li(y)“>6}+n[P{||/f1||>e}<l. O

APPENDIX C. V—-STATISTICS

LetR, ={1,...,n}, V,y = &fl, and let Y,,¢; be the set of vectors in Y4 with exactly j distinct

elements. Let further for any ¢ € Yyp, & = ($4y, -+, &) 7.

. 0 i
Lemma C1. ForVyy = 3 ey, , m(§,) and U,§"f) = ZLeTM,» m(&,), we have V,y = Z§=1 U,g ’J),
where U,§“) is a U-statistic of order j whose kernel m®7) consists of a sum on{zl (—l)j_ttz_l/{(j —
Ot — 1)1} elements.'

14 These are Stirling numbers of the second kind.
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Proof. See Lee (1990, theorem 1 on p.183). O
Lemma C2. For any symmetric j—th order U-statistic kernel m) | let Uy = ZLET,”'/ m(j)(Ct).
Let further for0 <t < j and any ay,...,ay, mgj)(a) = [Em(j)(al,...,a,,§1, o 8it), Upjr =

ZLeTm, mgj )(gt)’ and Urgjt the corresponding canonical U-statistic (De la Peiia and Giné, 1999).
Then if uU) = EmYWD(&q,...,¢)),

U, — n! (j)—l-Xj: j (n—t)!Uc'
Tl ()=

t=1
Proof. This is essentially the Hoeffding decomposition (Lee, 1990, theorem 1 on p.26) combined

with a rearrangement of terms. '3 O

Lemma C3. For U€

njt defined in lemma C2, we have

62/t/Ct ]

P(IUS;| > €) < Crexp|—
(| n]t| )— t €Xp no_jzt/t+ﬁjgt/(t-i-l)n(t_l)/(l+1)€2/{t(t+1)}

where C; is a constant which only depends on t, Bj; = sup mgj)(-), ajzt = ngj)(Cl, o Cy).
Proof. Follows from Arcones and Giné (1993, proposition 2.3(c)). O
Lemma C4. For an {—th order V-statistic V4 as defined in lemma C1 with symmetric kernel m, let

for1 <t < j <4t m%d pe defined as in lemma CI, u&-7) = Em©D (&, .. 5 65), mge’j)(a) =
Em©D(ay, ... ar,t1,...,8—0), ﬂﬁe”) = SUpmge’]), and Ut(e’J) = \/nged)@l,---,é't)-

Then P(V,y > €5) decreases faster than any polynomial of n, where

€, = 1513?;{56[(10gn)t+1 max{nt/zo,t(e,j)’ n(t—l)/Zﬂt(Z,j)’ nju(é,j)}].
Proof. In lemma C1 the V-statistic is separated into a number (independent of n) of U-statistics.
Each of these U-statistics is further separated into a number (again independent of n) of canonical
U-statistics in lemma C2 plus a mean. Finally, apply lemma C3 to each element individually.'® [

13The representation is slightly different here from the one in Lee (1990) because the U-statistic kernel incorporates a
number of permutations in his case.

16Because the number of canonical U-statistics has an upper bound independent of 7, looking at each individual term
separately is sufficient.
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AppENDIX D. Z

Let 7 be such that n{p(z1,Z),z} = z; for all (z1,Z) € Z. The function 7 is well-defined by
assumption P.
Lemma D1. For all p and any ¢ > 0, f,(p|Z) is four times boundedly differentiable with respect
to p, uniformly in Z for which f (Z) = c.
Proof. Note that Fj,(p|Z) = P(p; < p|zi = Z) = P{zi1 < n(p,2)|Z; = Z}, such that f,(p|Z) =

pm(p,2) fin(p.2), 2}/f(§). The stated result then follows from assumption O. O

Lemma D2. For all p for which 3z € Z : p(z) = p and all t times boundedly differentiable
functions v for which v(z) = 0 forall z ¢ Z, E{v(z;)|pi = p} fp(p) is min(z, 3) times boundedly
differentiable in p.

Proof. Let  be as in lemma D1. Then for any z € Z and p = p(z),

EGIP = 1 p(p) = [ vi(p.2). 31 (. 2. 530, m(p. D). o
APPENDIX E. KERNELS

Lemma E1. Ler {(§;,2;)} be i.i.d., and suppose that u(z) f(z) with u(z) = E(&;|z; = z) has two

bounded derivatives. Then

sup|E{Kzi ()8} — 1n(2) £ (2)] < 2.
zeZ
Proof. This follows from a standard kernel bias expansion. O

Lemma E2 can be found, often in slightly different form, in many other sources, including Pagan

and Ullah (1999).

Lemma E2. Let {(&;,z;)} bei.i.d., &; uniformly bounded, and O’;(Z) = VY(&;|z; = z) is continuous
on Z. Then

1 & logn
sup| - > [Kzi ()8 — E{Kz ()8 }]| <~
zez' N = d-
i=1 nhz
Proof. Follows directly from lemma B2. O

Let
an = logn//nhd= 4+ h2. (30)
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Let further ¥ = p f, where f is the kernel density estimator of f using bandwidth 4, and kernel

K.

Lemma E3. (i) sup,cz | £ (2) = f(2)| 2 o, (i) sup,ez |F(2) — 7 (2)] < tn, (iii) sup, ez | P(2) -

p(Z)| ﬁ O‘n,

Proof. The first two results follows by combining lemmas E1 and E2 and the third one from the first

two by noting that for any z € Z,

rE) —sup.ez|F) =) _ o @) +supez [FE) = ()]

TG +swpez |l @) — f@ LT 1) —suprez |F ) — f@)

Lemma E4. For some € > 0, lim,,_, o0 P{inf,cz f(z) <ep=0.

Proof. Note that

{mf f2) < e} < I{mf f(z) < 2e} n u>{sup £ ) = f(2)] > e>.

zeZ

Apply lemma E3.

APPENDIX F. EXPANSIONS

Recalling (16), let &(y; p) = E{I;(y)|a; = a*, pi = p}, E(y) = &(y;v*), and

- 1 & ; R
Ss(vip) = Y kD Kais€().  Ss(vip) = - S kS Kais€(y).

Let further K,;; = K,;(z;).
Lemmas F1 to F3 serve as inputs into establishing two results, namely
sup|Ss(v; p) — S5(v: ) — S5 (v: p) + Ss(v: p)| < 1/pn
y

fors = 0,1 and
sup|So(y: p) — So(y:p)| < 1/pn.
y

€29

(32)

(33)

i.e. lemmas F6 and F7. Each of these expression is expanded using the mean value theorem to some

order J to apply lemmas F1 to F3. For instance, by assumption R, the RHS of (32) is bounded above

by

.12;21

Zk(s+’)Kais(Pi — P {ILiy(») — €()}
i=1

1
— sup|—
] yey|n
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n

1
+ izg nhSTET ) 1—2;

Kais(pi — p ){ILO(Y)_S()’)} (34)

where the first term is covered by lemmas F1 and F2 and the second term is dealt with in lemma F3.

Lemma F1. Let {y,....¢;, * € ¥, and T C R/ consist of vectors whose elements are all either
equal to one or zero and let uy; be such that E(uy,|z;) = 0 a.s. and [E(u’gl.2|z,- = z) is continuous

onZ. Thenfors =0,1, j =1,2,...,andallt € T},

sup
yey

J
nJH Z Z kS TP K aiosth i () — €0} [T K zioiettf Gei, — Saig)

io=1 i;=1 =1

< 1/pn, (35

where §g; = 4(z;) and similarly for other ¢ symbols.

Proof. As will become apparent in lemma F6, for every j the LHS in (35) corresponds to the j—th
term in a Taylor expansion of S (y: p)—S s(y: p) around S's(y; p)—Ss(y; p); see (34). Because by
lemma E3 p; — p; converges faster (uniformly in i) than the extra 1/ A incurred for each additional
derivative, the convergence rate is slowest for s = j = 1, so we establish convergence at the
promised rate for that case; all other cases can be verified similarly, albeit sometimes more painfully.

Thus, we use lemma C4 to obtain a rate for

sup|—
yey|n

Z Z ki Kaioi$i {Tio(y) — 8()’)}Kzioi|u>f:": (&1i — i)' 1|, (36)

io=1i1=1
Let &; contain all random variables pertaining to observation i. Noting that (36) is a V statistic
and that lemma C4 is based on a decomposition of the V statistic into a sum of U statistics, we have

for the m—symbols of lemma C4 and for some E , E € ¥o,

(22)(810’511) |:k;:)1 “’01;?0{11'0()’)_S(J’)}Kzzozlulfi(éhl Clio)l_tl
+k111 “”ICTH{I"I()’)_g(y)}sznul,o(Cuo Clil)l_tl],
m»? (&) = E{m@? (&, &:,)|E:) i % 1)

h2 -
s [l K aing {1 () — €00},
k) K ait{E (i pia) — E(iv* a)Ei ] 1 =0,

2nzzk” atlé?{li(y) - S(y)};_l-u;."l, tp =1,

[



0, t1 =0,
Lk Kain§ {1 (y) — €0} K ziu}y, 11 = 1.

22) < p2,

mV (&) =

nu
D <
nhy*
1
h?
nzthrd“’
1
n2hdz p3tda’

1
nh?+da

Vnp$? <

g <

Bl <

2,2
noz( ) =<

h2
\/1701(2’2) < —Z
- (5+da)/2°
n3/2h1

1
\/EO’(Z’I) < .
1 n3/2h55+da)/2h§z

Sufficient conditions for (37) to (44) to converge at a rate faster than 1/p, are respectively

B +da)m >1—4n;,
(B +da)nm > 2dzn, -1,
(B +da)n <2—2n.d;,
B+ da)ym <3+ 4n;,
(B +da)m <3 —2nzdz,
B +da)m <1,

n <1+ 2ng,

n < 1-— T}zdz.

35

(37

(38)

(39)

(40)

(4D

(42)

(43)

(44)

(45)
(46)
47
(48)
(49)
(50)
(5D

(52)

Conditions (48) to (52) are implied by (47) and/or standard kernel estimation conditions needed

for consistency of the estimator of H without nuisance parameters. Thus, only (45) to (47) are
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potentially relevant and the lemma statement holds if
maX(l _4nz,2dznz - 1,0) < (3 +da)r)1 < min(z_znzdz, l),
which is satisfied by assumption S. O

Lemma F2. Using essentially the same notation and conditions as in lemma F1, for j = 1,2,...,

J
nH—l Z Z keflo K aioo [ | K zigiouy; Ceip — Seig) ™) < 1/ pn- (53)
(=1

ip=1 ij=1

Proof. This lemma is used in lemma F7 to deal with the expansion of S¢(y; p) around So(y; p).

Using the same strategy and rationale for focusing on the case s = 1 as in lemma F1, we have

(2 2)(610’ gll) - |:k10()Kal()0KZi0i| uthl (;il - ;io)l_t

t 1—t
+k,10 a110Kzi0i|uTi0(§io_§i1) ]»

hZ ; _
mC2 () ~ _2k;()Kai0§i, t =0,
sk Kaiokiuly, 1= 1.
m@D(g = 1 =0
LkioKaioK ziiuj, t =1,
n?u 2 < hZ, (54)
@D < (55)
h z
1
VnpS? < (56)
2 n3/2hga+2htzlz
@2 _ _ |1
0 (57)
@1 _ 1 (58)
= nzhgaJrzhcziz’
@2 1
no —. (59)
2 hga-‘rZ
1
Vno? < (60)

n3/2h(()da+3)/2 ’
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1
3/2h(da+3)/2

VoD < 61)

Some of the numbered equations above were already shown to be < 1/p,, in lemma F1. The remain-

ing conditions are implied by

(3 +da)n > 2no(da + 2) + 2nzdz -2, (62)

(B +da)m > 2no(da +2) — 1, (63)

(3 +da)n > (da + 3)no — 2, (64)

which follow from assumption S. O

Lemma F3. Using the same notation as in lemma F1, for some 0 < J < ooands = 0,1,

1
supWZ\Kad {Iz(y)—g(y)}\sup\p(Z) )| < 1/pn.
i=1

Proof. By lemma E3, the stated result is implied by o,/ hg decreasing to zero at a polynomial rate
since for any polynomial 7, then m, (s, / h s)7 < 1. The requirement that o, / hy decrease to zero

at a polynomial rate is guaranteed by 1y < min{2nz, (1—n.d;)/ 2}, which was assumed in assump-

tion S. O
Lemma F4.
n F(z) —r(z) f) = f() f2) = f(2) J
Sup1PE) = P() = 5y Z< ) ) - ()Z( 70 )| e

Proof. From the recursion of f/f =1+ (f — f)/f,wehave f/f = /20 {(f - HIFY +
{(f— Nf }J f/ f. Therefore, the LHS in the lemma statement is bounded by

sup
z€Z

(f(z) —~ r(Z))(f(Z) —~ f(z)>J—1 /@ (f(Z) —~ f(z))f f(2)
f(2) f(z) £ f(z) ol

Apply lemmas E3 and E4. O

Let f(z) = Ef (2),7(z) = EF(2), f* = f/f. #* =F/f, F* =F/f, [* =F/f.

Lemma F5. For given j, J, let A be the collection of vectors £ of dimension four containing non-

negative integers satisfying £1 + €y < j and 1 + €y + €3 + L4 < J. Then for all sufficiently large
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nandany 1 < j < J and some constants Cjy independent of n, z,
sup|{A () - POV = D Culi*(2) — @} {7 () — p@{f* (@) — Fr@B @) - 13 2o
z¢€ (EAI‘

Proof. Follows directly from lemma F4 combined with the multinomial theorem. O

Lemma F6. Fors =0, 1, supyey‘gs(y;ﬁ) - Ss(v: p)— Ss(y;p) + S’s(y;p)| < 1/pn.

Proof. Let J be sufficiently large as in lemma F3. Then, expand the LHS of the lemma statement
to order J using the mean value theorem to obtain an upper bound of (34). The second term in
(34) is covered by lemma F3 and the first term in (34) is dealt with in lemma F1, using lemmas F4

and F5. O

Lemma F7. supyey‘go(y;ﬁ) — §o(y;p)\ < 1/pn.

Proof. The proofis entirely analogous to that of lemma F6, albeit using lemma F2 instead of lemma F1,

and is hence omitted. O

Below we will write Ss(y; p) for Ss(y) = Ss(y:a*,v*) fors =0, 1.

Lemma F8.

suglﬁo(y;p) — So(y: p)| < 1/pn. (65)
ye

Proof. By standard kernel estimation theory, the squared LHS in (65) is < hg +1 / n h(1)+d“ < 1/p2

by assumption S. O

Lemma F9.

su};lﬁo(y; P)—So(y: p)| < 1/pn. (66)
ye

Proof. The LHS in (66) is bounded above by the sum of

su5|§o(y;ﬁ)—s'o(y;ﬁ)—ﬁo@;p)+S'o(y;p)}, (67)
ye
sup|So(y: p) — So(y: p)|. (68)
yeyY
sup|So(y: p) — So(v: p)|. (69)
yeyY
Apply lemmas F6 to F8. O

Lemma F10. Forally € ¥,{S1(y, p)—S81(y. p)}So(00, p) = {S (00, p)—S1(c0, p)}So(y. p).
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Proof. Trivial. O

Lemma F11. Let H(y: p) = H(y|a*,v*) and H(y; p) = H(y|a*,v*). Then

5 S1(v; p) = S1(y: p)} So(o0; p) — {S ;) — S1(00; p)ySo(y;
sup H(y;ﬁ)—H(y;p)—v*{ 1(y: p) = 51(y; P)} So(00 PZ) { 1(00; p) — S1(00; )} So(¥: p)
yey So(Oo,P)

<1/pn. (70

Proof. For the remainder of this lemma, let >, mean that the left and right hand sides differ by a

term < 1/py, uniformly in y. By lemma F9,

So(y: p)So(00; p) + v*{81(y: p)So(00: p) — 8 1(00: p)So(y: p)}
52 (c0; p)

H(y, p) ~p

Since by lemma F6 .§1(y; D) ~p SA'I(y; p)+S1(y: p)—S1(y; p), it follows from lemma F10 that

s So(yi p)So(00: p) + v*{S1(y: p)So(00: p) — S1(00: p)So(y: p)
H(y,p) ~p { > }. (71)
S() (OO, P)
Claim (70) then follows by subtracting and adding S;(y; p) and S;(co; p) in the numerator of (71).
[l

ApPPENDIX G. WEAK CONVERGENCE

Let S’s(y) = Ss(y; p). We first show the weak convergence of (f}:s )=+ nh?s+1+d" {ﬁs(-) —
[Eﬁs(-)} in £°°(Z), where 7 is an arbitrary compact subset of R. Let wysc (X, ¥, z, p) = w(z)1(x =

0)1(y <c)K{(a* —a)/hs}k(s){(v* —p)/ hs}/ hsl+d“ and consider
Fns = Fns(T) = {(x.y.2, p) > wpse(x,y.2,p) : ¢ € I}.

Define &5 by Ens(x,y,z, p) = |K{(a* —a)/ hs k@ {(v* — p)/hs}‘/\/héw" so that it is an
envelope function of F,5. Below we will write &, (a, p) for E,5(x, y, z, p) giventhat &,5(x, v, z, p)

depends only on a, p.

Lemma G1. Fors = 0,1, E€2(a;i. pi) < 1. Also, for any € > 0, E[E2 (ai, pi){Ens(ai, pi) >
es/n}] <L

Proof. The first statement follows from a change of variables and assumption R. The second state-

ment follows from H{Sns(a,p) > eﬁ} < 1]{sup,1,,2 |K(t)k (12)| > 6\/nh§+d“} = 0 for
sufficiently large n by assumption S. O
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Lemma G2. Forany 6, < lands = 0,1,

. . R a* —aiy, 5 (VT = Pi\? /) 144
|c—ch\p58n [E[Ixz{"(yz <co)—-Wyi=<c )}K(T)k ’ (h—s)] [hs T < 1.

Proof. The LHS of the lemma statement is bounded by twice of

* _ g *_ o
sup [E[ﬂ{min(c,c*) <y;i < max(c,c*)}w(zi)K(a ; a’)k(s)(¥)]2/hsl+d“
S

lc—c*|<8, K

< Cdy sup fyzp(y’zvp) <1,
y’Z’p

where C is a constant and fy, is the density of y;, z;, p;. O

Lemma G3. For s = 0,1, Fy5 is a Vapnik—Cervonenkis (VC) class with VC index uniformly

bounded in n.

Proof. Let 7 = {y = Wy <c¢): ¢ € I} and let yus(x,z,p) = I(x = O)w(z)K{(a* —
a)/ hs}k(s) {(v* -p)/ hs}/ h;+d“ . Then, by van der Vaart and Wellner (1996, lemma 2.6.18), the
VC index of Fps = yns - J = {X,”J_ J e J} is bounded by the VC index of 7 times 2 minus 1.
Therefore, the VC index of F;, is bounded and independent of n, because 7 is a VC class that does

not depend on n. O

A w . . .
Lemma G4. Fors = 0,1, G, — G} in £°°(R), where G} is a mean—zero Gaussian process.

Proof. Convergence of finite marginals easily follows by a central limit theorem. Now, for £ = 1, 2,

let .7-"5 5.8 be a set defined by
{
{(X,Yaz,p) = {wnsc(x»y,Z,P) _a)nSC*('xsyvzsp)} e —c¢*| < 8, wpse, Onser € Jrns(l)}

Since {1](2 €Z,x =0,y <c)—lW(zeZx=0y< c”‘)}(Z is left— or right—continuous for
every ¢, c* and since Z is separable, F ’fS’ s contains a countable subclass ﬁ}f& s such that for every
X € Fﬁs’a there exists a sequence {y;} C ﬁrfs’a with yj(x,y,z, p) = x(x,y,z, p). Therefore,
by the same reasoning as van der Vaart and Wellner (1996, example 2.3.4), F ’fs’ sford =12isa
measurable class for every § > 0. Therefore, it follows from lemmas G1 to G3 and van der Vaart and
Wellner (1996, theorem 2.11.22) that (I:?; s St G} in £°°(Z). Since 7 is an arbitrary compact set in
R, we know by van der Vaart and Wellner (1996, theorem 1.6.1) that @Zs et Gi in £%°(Z1, 1z, ),
where {Z;} is an increasing sequence of compact sets such that U;Z; = R. Finally note that for all

n, G G € £2°(R) C £°(Z1.Tp.--+). O

ns’
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Lemma GS5. @;’;1 (-)—@;’;1 (00)G(-la*, v™) 2 G (+) in £*°(R), where G* is a mean—zero Gaussian

process with the covariance kernel given by C in (20).

Proof. By a central limit theorem, ([A}:l (00)G(yla*,v*) & WG(yla*,v*) for a mean—zero normal
random variable ¥. Since G(-|a*, v*) is uniformly continuous in Z, where Z is an arbitrary compact
setin R, we have (IA}:l (00)G(-|la*,v*) = WG(-|a*, v*) in £°°(Z). Therefore, by van der Vaart and
Wellner (1996, theorem 1.6.1), we have @;l(oo)G(-la*, v™) = VG (-|la*,v*)in £%° (71,22, ),
where {Z; } is an increasing sequence of compact sets such that U;Z; = R. Now note that for all n,
@;1 (00)G(-|la*,v*) and WG (-la*, v*) are in £°(R) C £°°(Z1,Z3, ) and the lemma statement

follows from the continuous mapping theorem. O

Lemma G6. Fors =0, 1,

h2k 1
sup E{K 4isk & 1;(y)} — 85 S0(y) — =2 tr{358p57 So(v; a*, v)}| < -
Y€ n

Proof. This is nothing but a standard kernel bias expansion after noting that E{/; (y)|a; = a, p; =
py = So(y:a.p)/fap(a. p). O

ApPENDIX H. SEMIPARAMETRIC ESTIMATION

Let p:(z) = ﬁL (Z)/fi (z) and redefine p(z) = fL(z)/fL (z) (compare with (15)), where

A n o . n no.
JL@=n"" Y Kopi, (@) =071 Y Kopil(x; =0),

i=1 i=1
A n n
JL@ =" Y Ko F(2) =071 Y Kopil(xi =0),
i=1 i=1
with K,7; = K,1i(z) = K{(z—z))"p/h;}/h; and K ;1; = K{(z —z))Tyo/hz}/h. KoL

and K ,7,; are similarly defined.

Lemma H1. Let

1 T _fT~ R T _fTN R T _fT~ B B
i) = — /ale(Z Y0 Vo’t)f(z Yo Vo’t)(z Y0 Vo’t)dt
L fL(2) Yo1 Yo1 Yo1

Then

=

sup|p(z) — p(z) — AT (2)(F — yo)

zeZ

1
mrn’

for some 7} increasing as fractional power of n.
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Proof. Note that both f 1(z) — f 7(z) and ﬁL (z) — 7 (2) can be expanded as

Z Z KD Elz—2)TG - n))

Ti=1
J ~ J
J,h,ﬂ S KD 08— G —0) . 02
i=1
for bounded &;.
The J—th order term in (72) is of order n=I/ zhz_" -1 (uniformly in z € Z) which, for sufficiently

large J,is < 1/4/n. For1 < j < J —1,note that forany 1 < £y,....¢; < d;,

sup
z€Z

() 1
{szLzE H(Zlif Zig, }‘ h2]+1

Consequently, analogous to lemma E2, the j—th term in (72) is for j > 2 of order no greater than

() 1
{KszEl l_[(zét Zit, )H = m, ilelg

1 ( 1 logn ) - 1
max —
jl2 0,j-2)° ; ’
z HE O i)
uniformly in z € Z.

Finally for j = 1 note that by standard kernel theory for any function u € #1,

(z—0Tyo 1 / 2Ty —1TP0 o -
= P\ u@ydt—— [ 9 =2 )i
hz/ ( I )u() ) ZIM( Vo1 )

Hence it follows that as in lemma F4

sup < h2.

zeZ

sup|p(z) — p(z) — AT (2) (P — yo)| ~

wp {(FL(2) = FL(2)) — p(z){fL(z) - f12)} 1
o ) TN/

for some 7,7 increasing as a fractional power of 7. O

AT @)@ —yo)| =

Lemma H2. Let &;(y) be of the form £*(z;)I;(y) + {**(z;)& (y) with £*, {** depending only on
z; and be such that [E{E,-(y)|z,— = Z} € F5. Then fors = 0, 1,

1 2s) 2 p
cupl LS Rans — K Kan )10 < 1/
ye i=1
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Proof. We have to deal both with the presence of 1§,~ in lieu of p; and with 0Ta; in lieu of QJ a;.

Since the former is more difficult than the latter, we shall establish below that

1 <2 R
sup S (kY — k) Karigi ()] < U pn. (73)
ye i=1

where the remaining results can be established similarly but more simply. We again use lemma B3

repeatedly. By the mean value theorem, the LHS average in (73) can be expanded as

Z n]' Zk,(::—w)Kang (y)( )j

i=1

Zk‘””()KaL,s W(pi — 1)’ a4

+ —F
| S+1+J
nJ =1

The last term in (74) is of order h* —1=Iy=J/2 (uniformly in y) which, for sufficiently large J, is

< 1/pp. Further, for 1 < j < J, we expand égiJFj) around (v* — p;)/ hg to obtain

1 n R ) A o J*—1 n i .
_Zk,(::—H)KaLiSi(y)(Pi_Pi) = Z e Z KSHYIOK 418550 (Bi—Bi) (Bi—pi)’
s =0 TS
I - .
J*th+1+j+J* Zk(S+J+J )()K‘“g (y)( )J(Pi _Pi)J (75)

i=1
The last term in (75) is < 1/p, (uniformly in y) for sufficiently large J* because «y,/ hg vanishes
as a (fractional) power of n. For j + j* > 1 the terms in the RHS sum in (75) are of order
hy ST i) < ST il < 1/pn.
For j = 0 the expansion in (75) is redundant, which leaves the case j = 1, j* = 0. Thus, we

must analyze

Zk(s+1)KaLi§i(y)(ﬁi — pi).

1—1
which by lemma H1 and standard kernel estimation arguments equals

1 ~
W Zk‘” "KaLi&i(0)i(z:) (76)
i=1

plus a term of order 1/p,7,f < 1/py, (uniformly in y). Finally, (76) is of order 1/4/n, uniformly in
Y. O



44

APPENDIX I. PROOFS OF THEOREMS

Proof of Theorem 1. Part (i) follows from lemma A2 and assumption E. For (ii), please recall that

the LHS in (6) was shown to be identified in JPX11. O

Proof of Theorem 2. 1t follows from lemma A1 and assumption I that g{x*, Qu, (t*|V;)} — V™.
Identification of g{x*, Q| (t*|V;)} follows from the fact that V; € D(x*). O

Proof of Theorem 3. 1t follows from (10) and the monotonicity of g. O
Proof of Theorem 4. By lemma F11,

pn{H (yla*, v*) — H(yla*, v*)}

o {$1(y;: p) = S1(y: p)} — {S1(00; p) — S1(00; p)}G(yia*, v*¥)
So(c0; p)

— Mn
*

= 5 [161 )~ GGl v

+{ES1(y;: p) — S1(y: p)} — {ES 1(00: p) — S1(00: p)}G(yla*, v*)]-
The stated result then follows from lemmas G5 and G6. O

Proof of Theorem 5. Let D be a collection of CADLAG functions and define a mapping 7' : D X
U — R such that for F* € Dandt € U, T(F*, 1) = inf{yy € ¥ : F*(¥) > t}. We then
have ¥* = T{f}(-|a*, v*).t*} and y* = T{H(-|a*,v*), t*}. We now use the functional delta—
method; see e.g. Van der Vaart (2000, theorem 20.8). In particular, by Van der Vaart (2000, lemma
21.3), T(-, t*) is Hadamard—differentiable at H (-|a*, v*) tangentially to the set of functions F € D
that are continuous at ¥ * with derivative Ty (F,t*) = —F(y*)/H' (Y *|a™*, v*). Therefore, by the
functional delta—method and theorem 4, we have

G{™)

Pn[T{IaAAI('la*, v*), T} = T{H(|a",v"), 7" }] = Th(G, ") = TH a0

O

Proof of Theorem 6. First consider C. We have

A 1 " a* —a; v* — pi
C(y,y):W;Kz( I l)kz( I ’)Ix,-l,-(y)

Xn: Kz(a*h—l a; )kz(v*h—lﬁi )Ixili(y) S‘;(y)

i=1 0x

2
nhi+d“



45

T i’fz(a*_ai)kz(v*_ﬁi)“(*—O)w-ZSA%(y) 77)
wil e 20\ o )T Mg
i=

By lemma F9 and as in the proof of theorem 4, we have sup,, ey |§0(y)/§0x —So(»)/Sox| < 1

and

sup
yely

" S(at —a;\, /v — pi
ZK( i )k( » )Ixili(y)

i=1
lz:;Kz(a*h—lai)kz(v*h—lpi)lxili(y)‘ ~L

1
nh}+d‘l

1
nh%-i-da

Therefore, p;, S o(»), S ox in (77) can be replaced with p;, So(y), Sox Without changing the (uni-
form) probability limit of C. Then, standard kernel estimation theory the uniform consistency of
C.
a(1) s (1) (1) oA . . ) B
For S, let 8¢ be defined as Sg° with p; replaced with p;. Noting that sup ey [k{(y
Yi)/ hy}|/hy < C/hy for some C, a slight modification of lemma F9 shows that

& (1 o (1
sup [SP (via*,v*) = S (via* v*)| <
yey Pnhy

<1,

using pphy, > 1. Then, standard kernel estimation theory shows the uniform consistency of S S(l) (;a*,v*).

O

Proof of Theorem 7. Redefine ﬁ(-|a*, v*) in (17) as using a;-ryo and z;.rQo in lieu of @; and z;. Let
H (-|a*, v*) be identically defined but using 7 and  instead of yo and 6. It suffices to show that
sup | H (yla™,v%) = H(yla™ . v")| = 0p(1/pn).
ye

which follows from lemma H2. O
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